The standard definition of the Poisson brackets is generalized to the non-equal-time Poisson brackets. Their relationship to the equal-time Poisson brackets, as well as to the equal-and non-equal-time commutators, is discussed.
There is a well-known correspondence between the Poisson brackets in classical mechanics and the equal-time commutators in quantum mechanics. However, although the generalization to the non-equal-time commutators is discussed in every textbook on quantum field theory [1] , we do not know any reference where its classical analog -non-equal-time Poisson brackets -are explicitly constructed. It seems that this is part of tacit knowledge among specialists [2] . In this article we give an explicit construction of the non-equal-time Poisson brackets and discuss their relationship to the equal-time Poisson brackets, as well as to the equal-and non-equal-time commutators.
Let us first discuss a system with one degree of freedom, described by a Hamiltonian H(x, p). The ordinary Poisson brackets are defined by
In particular,
Note that x and p in (1) and (2) have no explicit time-dependence. The Poisson brackets do not depend on a particular dynamics, i.e. a Hamiltonian. We shall see that these are actually equal-time Poisson brackets. The variables x and p are classical analogs of quantum operators in the Schrödinger picture. Let us discuss the time dependence of the canonical variables. They are generally functions of the time t and the initial conditions x(τ ), p(τ ), where τ is some fixed instant. Thus we introduce the notation
and similarly for p G (t), where the label G indicates that this is the general solution of the equations of motion. If the equations of motion are linear, then x G (t) and p G (t) are linear in x(τ ) and p(τ ). We define the derivative
and the non-equal-time Poisson bracket
The right-hand side of (5) can also be calculated if
For example,
The ordinary Poisson bracket (1) can be obtained from (5) using the relation
and the identifications x(τ ) ≡ x and p(τ ) ≡ p. The transition from the non-equal-time Poisson brackets in classical mechanics to the non-equal-time commutators in the Heisenberg representation of quantum physics is given by
If A and B are linear functions and if the equations of motion are linear, then relation (8) is an equality. In a more general case, this does not need to be an equality because of the ordering ambiguities of quantum operators. Let us illustrate all this on a simple example. We consider the Hamiltonian
The general solution of the corresponding equations of motion is
which we write in the form
(There is a simple relationship between the (a, a * ) and (x(τ ), p(τ )) coefficients.) The corresponding canonical momentum is
From (5) we obtain
and
as a special case of (13). On the other hand, in quantum mechanics we work with the operators in the Heisenberg picturex(t),p(t) and the corresponding operators in the Schrödinger picturex =x(0),p =p(0), which satisfŷ x(t) =x cos t +p sin t , p(t) = −x sin t +p cos t .
From the equal-time commutation relations
we find the non-equal-time commutation relation
The equality (8) is obtained by putting τ = 0 in (13). The generalization of the non-equal-time Poisson brackets to a discrete set of degrees of freedom is trivial. Let us shortly discuss the generalization to field theory. The ordinary (i.e., equal-time) Poisson bracket is
Now we introduce the space-time point x = (x 0 , x). The generalization of (4) is
and the generalization of (5) is
.
As in the case of one degree of freedom, we have the correspondence between classical and quantum field theory in the form
which is an equality for a linear case. In this article we have constructed the non-equal-time Poisson brackets by a generalization of the standard definition of the Poisson brackets. It is interesting to note that in [3] the non-equal-time Poisson brackets for field theory are constructed in a completely different way, directly from Lagrangians in a manifestly covariant way. However, this construction does not coincide with the conventional construction (such as ours), because the antisymmetry of the Poisson brackets is not generally provided in the approach of [3] . However, this construction still does coincide with the conventional approach for a large class of Lagrangians.
